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Math 111 Section 1.3 Warm-up

For each function find and simplify f(—x). What patterns do you notice?
a f(x) = 3x*—6x3—10x*+x—3
’_r "} > .
(—XB = 5(“'}() - LJ(“XB-’\O(-—XB : (—-—x)" 7)
_ 9 5 v
= 3x - blxX) - 10K —x -3
M 3

= 3x +bx —10¥X —x =3

TWeo Lo Mt~ e, nov- o&k

b. f(x) = —2x*—7x* -3
4
Py = =2(-%) -7(%51 -3
= “;’xq-7xtf°>

FEx=H1D |
Thes S an won Punchow

¢ Fla) = Bx® +4x
3
L= S (X)) +H(=x)
5
= =58X =R

=~ S)(EJr‘-h&\
= — PO |
Mo v callede an odd foncbin- e

Cara Lee



Math 111 Lecture Notes

SECTION 1.3: PROPERTIES OF FUNCTIONS

A function [ is even if for every z in the domain of f it holds that f(—z) = f(z). Visually, an
even function is symmetric aboul the y-azis.
A function f is odd if for every z in the domain of f it holds that f(—xz) = —f(z). Visually,

an odd function is symmetric about the origin.

Example 1. Two classic examples of even and odd functions are f(z) = z® and g(z) = &,

respectively, as shown in Figures 1 and 2 below.

[
F1GURE 1. Graph o

f 9= f{=) FIGURE 2. Graph of y = g(z)

Algebraically verify that f is an even function and that g is an odd function.

LE= R 9EO = (1
2 c 3

= X ="

= ‘? CX) = - ,.lF(;,l:\>
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Math 111 Lecture Notes

Section 1.3: Properties of Functions

Example 2. Algebraically determine if the following functions are even, odd or neither.

(a) h{z)=2*—2
3
h(=x) = (xXY—(-=x)

- 3
,j_—)<\+_><\

(b) g(t) =3t —1x

£y = LD

1)
N
o

|

L=y =00 fe=F0o

FIGURE FIGURE
3. y = h(z) 4. y=g(t)
| e

=)
s
i |

TN [ 2
() fO)=¢+ 1x° =

Pt = (6]
= 4%
ne e~

(d) flz)=|z|—4
Fexy = |-
= x| -4
= £

AN

<—

£ = £

FIGURE FIGURE
5. y=f(t) 6. y=[(2)

—4 2 {"“f ,,,,, 4 AN 2 : ZA
: o bl -

e N _

Instructor: A.E.Cary
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Math 111 Lecture Notes Section 1.3: Properties of Functions

2% —

Example 3. Algebraically determine if the function f defined by f(z) = — 3 TR

is even, odd or neither.

3
Pl - Soxd~(-x)
KB 3=+ S"(*-x}z

- :2;«3+—><
3)(4 -I-S“;g?—

|

3><3——>a4

3xV+Sx*
= - 'PCRB |
od

Group Work 1. Determine if the following functions are even, odd or neither.

T (b) f(x) = 5z3 + 327
(8) 9l@)= 7=

4l-sd= (A £ = sty ot

NS -

. -Sx%-i—_%xg’
= X

Neinay—

x1+ s
= 5(15
L\ e
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Math 111 Lecture Notes Section 1.3: Properties of Functions |

"y

A function f is increasing on an open interval I if for every 1 and z3 in I with |z; < 22 Jwe
have f(@2) > f(r1). - K b M’Q”Y of *a,
A function f is decreasing on an open interval I if for every z; and 2 in [ with zy < 2z we

have f(z2) < f(z1)-
A function [ is constant on an open interval I if for every z; and @y in [ with z; < z3 we have

f(z2) = flz1).

Example 4. Determine the following for the function f graphed in Figure 7. State each using
interval notation. W;« DP"’;V\, lV\.Q\‘U{’ V’M F’ﬁ‘(“

. d ~"¢:m,§t :
FIGURE 7. y = f(2) ne , Ao (ool

TRNRN (a) Tncreasing; Gg}ﬁb\) J (L, 2)
(b) Decressing: (-2, [ ) ( ; JSB

\ - (¢) Comstant: (2. )

(@ Domsinot f: (-5 &)

() Rangeof f: (-3 " %J

=

A
A function has a local maximum at c if there exists an open interval I containing c so that

for all = not equal to ¢ in I, it holds that f(z) < f(c). The output f(c) is referred to as the

local maximum of f.

A function has a local minimum at ¢ if there exists an open interval I containing ¢ so that
for all z not equal to ¢ in I, it holds that f(z) > f(¢). The output f(c) is referred to as the

local minimum of f.

Example 5. Use Figure 7 to answer the following:

(a) Identify all local maximum values of [ and state where they occur. ( -3, 7:\

y. X £¢-2d>=3
Tharc s o local wm.xo*{, 2 2k x= -y,

(b) Identify all local minimum values of f and state where they occur.

‘3‘ X
There ¥ o ol mmam of — | at x=1.

Instructor: A.E.Cary Page 4 of 8



Math 111 Lecture Notes

Section 1.3: Properties of Functions

(LO°

7
Let f be a function defined on an interval I.
A function has an absolute maximum at u if it holds that f(z) < f(u) for all z in the interval

I. The output f(u) is referred to as the absolute maximum of f.
A function has an absolute minimum at u if it holds that f(z) > f(u) for all z in the interval

I. The output f(u) is referred to as the absolute minimum of f.

Example 6. Use Figure 8 to answer the following:

FIGURE 8. y = f(z)

___4 7 i

(a) Identify all absolute maximum values of f and state
where they occur. Two ¢ _co  ay aloss\ wke
Mok o of Y ol x=-|

(b) TIdentify all absolute minimum values of f and state

where they occur. ’ﬂm o O~ a,\o SDML'
VAREE MIVILAUW -k ol —| at x= ‘_L%.

Group Work 2. Use Figure 9 to answer the following:

FIGURE 9. y = g(z)

(a) Identify all local maximum values of g and state where

they occur.  |o¢ af W\-&&'&mum c**.. 3 aj(.,.jgg ..,’\

(b) Identify all local minimum values of g and state where
they occur. | ©¢ Al munimuwm "1- -S oL
X = |
4lobell
(¢) Identify all absolute maximum values of g and state

where they occur.

ap soluke may 0’%’ = oA £ = =,

(d) Tdentify all absolute minimum values of g and state

where they occur.

absolut. mmmune o =S ax k=,

Instructor: A.E.Cary
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Math 111 Lecture Notes Section 1.3: Properties of Functions

CONCAVITY

So far, we have looked at where a function is increasing and decreasing and where it attains max-
imum and minimum values. We will now study the concept of concavity. This concept involves

looking at the rate at which a function increases or decreases.

The graph of a function f whose rate of change increases (becomes less negative or more
positive as you move left to right) over an interval is concave up on that interval. Visually,

the graph “bends upward.”

The graph of a function f whose rate of change decreases (becomes less positive or more
negative as you move left to right) over an interval is concave down on that interval. Visually,

the graph “bends downward.”

Ficure 10. Concave UP & Figure 11. Concave DOWN ©

Q1o Gl o

Example 7. The function defined by f(z) = 2* is concave up on its entire domain. Notice that it
is decreasing on the interval (—oo, 0) and increasing on the interval (0, co). The function defined
by f(z) = —z? is concave down on its entire domain. Notice that it is increasing on the interval

(—00,0) and decreasing ou the interval (0, 00).

FicUure 12. Graph of y = z? F1GURE 13. Graph of y = —2*
Y

\_4 —_— i 4 geaiteistichs ey

Instructor: A.E.Cary Page 6 of &



EXAMPLE 3: Determine the interval(s) on which the functions graphed below are concave
up or concave down.

o

[t e e ‘_6,._

NSl NN HEEE DI .
Figure 8: y = g(x)

| Fig-lure.T: y=f(x) | )
o el

Solution: a. f is concave Up on the interval (0, ) and concave down on the

interval (—o, 0).

b. g is concave up on the interval (—e, —2) and concave down on the

interval (-2, ).

EXERCISES:
1. Determine the interval(s) on which the functions graphed below are concave up or concave
down.
a. b.
|
| 2 4.8
d.

S o e 0
:

Figure 12: y = w(x)




Math 111 Lecture Notes Section 1.3: Properties of Functions

Example 8. The graph of y = h(z) is shown in Figure 14. Use this to answer the following.

FIGURE 14. Graph of y = h(z)

(a) State the interval(s) where h is positive. {_7_,{_,(.7{H~«f"/"l
Tgadsts (2,8 | X-inkruels |
]

(b) State the interval(s) where h is negative.

(_aD/-Z:B

(c) State the interval(s) where h is increasing.

(=, Z—BU(LD _/093

(d) State the interval(s) where h is decreasing.
(2,0

(e) State the interval(s) where h is concave up.

(4,2

(f) State the interval(s) where h is concave down.

(-2 )

(g) State any absolute maximum or absolute minimum values for h and where they occur.

\
none_. a’b\sﬁxg&l{o\;ﬁ .

(h) State any local maximum or local minimum values for / and where they occur.

loced maw o} B ok 2. ‘°‘()H‘t6
lotal wmin a/_[r. 4 ok b.

Instructor: A.E.Cary Page 7T of 8




Math 111 Lecture Notes Section 1.3: Properties of Functions

Example 9. Graph the function defined by k(z) = 274 — 62 — 622 4+ 22z + 2 on your calculator.

(a) Determine an appropriate window that shows the important features (such as the z-

intercept(s), y-intercept, and any local maxima or minima).
cwin=-S  ymia=-20
AMak= S vaux74=2_o
Asclg= | ysel =S

(b) Use the MAXIMUM and MINIMUM features to find any local maxima and minima

and where they occur.

local min o4 —18.b12 Wk K& -1

local mw\ri, 3.5\ Ak xx 2.%97
locall rvwwwfir 4 ak x = |

(¢) (Review) Use the ZERO feature and the VALUL feature to determine the z-intercepts and
y-intercept.

X l‘f\-‘\ww.?"\' SR (=~ L1 ,0)  ank (, 668 gaiﬁ‘“)

5,#\“},eﬁuﬁh‘ = (o ,‘2;.::»
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