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Math 111 Lecture Notes

SECTION 1.5: FUNCTION TRANSFORMATIONS

In this section, we will explore function transformations. We will explore these numerically (in
tabular form), algebraically (as formulas), and graphically. When you studied the vertex form of
a parabola, you were actually studying function transformations for a specific function—namely,

f(z) = 2®. For example, when graphing vy = —(z — 6) — 3, you know that the graph points
3 graph p

downward and that the vertex is (6, —3). =N K Jerka ( e 5>
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We could also say that the graph is reflected about the z-axis, shifted right 6 units, and then shifted
down 3 units. In this course, we will be able to apply similar transformations to any function—not
just parabolas! One such example is shown below. ©
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Math 111 Lecture Notes

Section 1.5: Function Transformations

Let y = f(z), where z is the number of months after January 1, 2011 and f(xz) is the amount of
CO; in the atmosphere after « months. We will measure f(z) in parts per million above 380 and
restrict z to —3 < z < 9. The data for September 2010 through September 2011 is shown in Figure 2.

VERTICAL SHIFTS

Example 1. Complete Table 1 using the function values for f. What happens to the graph in each
case? Sketch and label the graph of y = f(z) 4+ 4 and the graph of y = f(z) — 2 in Figure 2.

TABLE 1
T -3 0 3 6 9
[(z) 7 10 13 11 9
f@)+4] \\ e \1 Y Y
J@y -2 b 3 |\ il %
FIGURE 2

y, ppm of COz above 380

3

x, months after January 2011

e

6

12

Summary of Vertical Shi
The graph of y = f(x) + k is transformation of the graph of y = f(z).
e If & > 0, then the graph of the original function shifts LL‘E by k units.

e If £ < 0, then the graph of the original function shifts ORD\J‘SY\\J by £ units.

_ Q\N‘,(é =

Instructor: A.E.Cary
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Math 111 Lecture Notes Section 1.5: Function Transformations

HORIZONTAL SHIFTS

Horizontal shifts are not quite as straightforward as vertical shifts. The primary reason is that in
order to shift the graph horizontally, we need o add or subtract from z—before we evaluate the

function. The end result is that horizontal transformations work a bit backwards from what you
may expect, as we will discover in the example below.

e ————

Example 2. Complete Table 2 using the function values for f. What happens to the graph in each
case? Sketch and label the graph of y = f(z + 3) and the graph of y = f(z — 6) in Figure 3.

TABLE 2
T -6 -3 0 3 6 9 12 15
flz) und. 7 —~10 | A3 | A1 -9 | aund. | _und

flz+3) fg;.;:%“?w;)é %'tFi'?f)lQ;t:f ‘" & ﬁ - LMJ\@(Y LJUP-#L/ ol
/(@ —6) | ko v\er wa, | 7 1O (% I\ 1

FIGURE 3

y, ppm of CO2 above 380

(}H’()C‘“ﬁ f:) =

o R3O T ,
X=e _;{:_;‘%? S S Pl ;
¥ =y —6 3 3 6 9
x, months after January 2011
~ R =2 P
Summary of Horizontal Shifts — | S (AL d’

The graph of y = f(x + k) is transformation of the graph of y = f(z).

e If A > 0, then the graph of the original function shifts l&i t by h units.

e If h < 0, then the graph of the original function shifts _ " Lg L\.?b by h units.

Instructor: A.E.Cary

Page 3 of 16



Math 111 Lecture Notes Section 1.5: Function Transformations

Example 3. For each function below, the “original” or “basic” function is y = |z|. Use the
properties of horizontal and vertical shifts to graph the stated transformations. The full graph and

(a) Graph y = |z| — 5.‘/

3 key points are given in each. \.k?);%
o -, L - -
o -
\Jb@”&“ (c) Graphy=|z+2|-1 t%() \
FIGURE 4 FIGURE 6 A
S - NN f
A ' 77 NN
g o v !

r t(\"‘\ ks

(b) Graph y = |z + 4]. (d) Graphy=|z—3|—6. AO\W

FIGURE 5

.
(o]

Instructor: A.E.Cary Page 4 of 16



Math 111 Lecture Notes Section 1.5: Function Transformations

VERTICAL STRETCHES AND COMPRESSIONS

Example 4. Assume the base temperature setting for the thermostat in a house is 64°F. Let g(z)
be the number of degrees above 64°F x hours after 6amM. Complete Table 3 using the function
values for g. What happens to the graph in each case? Sketch and label the graph of y = 2¢(z) in
Figure 8 and the graph of y = Zg(z) in Figure 9.

TABLE 3
T -2 0 4 7 g
g(zx) 2 6 6 0 =),
g x| 292 | -4 I \A O -4
% £ X 2\ 3 2
,_\;D-L\{;Q_“ —P 59(5‘5’) O -]
AN

il
Summary of Vert/éll Stretches and Compressions
The graph of y = Af(z) is transformation of the graph of y = f(z). If
e If |A| > 1, then the graph of the original function S*WJF—CW vertically by a
factor of |Al.

e If 0 < |A| < 1, then the graph of the original function _CO M-PH/SS vertically
by a factor of |A|.

Instructor: A.E.Cary Page 5 of 16



Math 111 Lecture Notes

Section 1.5: Function Transformations

HORIZONTAL STRETCHES AND COMPRESSIONS

Horizontal stretches and compressions, much like horizontal shifts, work in a somewhat counterin-

tuitive way. This again is a result of the fact that we will multiply « by a number before we evaluate

the function.

Example 5. The graph of y = h(z) is shown below. Complete Table 4 and then graph y = h (%:1:)

in Figure 10.
TABLE 4
T -12 -8 -6 -4 0 2 4 8 16
. h(z) und. und. 0 0 4 0 -4 6 und.
el o To [T 2T 91270 [l
91 ; : T Brow e sw-P WL\OW\L

FIGURF 10

3

Y

Wo gY“’?

Instructor: A.E.Cary
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Math 111 Lecture Notes Section 1.5: Function Transformations

Example 6. The graph of y = h(x) is shown below. Complete Table 5 and then graph y = h(4z)
in Figure 11. An “X” is placed where the function is defined but difficult to evaluate.

TABLE 5
T -6 -4 -1.5 -1 0 0.5 1 2 4 8
h(x) 0 0 X 3 4 X 2 0 -4 6
. h (4z) W"M “’WM{ O o L’{ O - LJ( o wﬂ&‘@%r UU:"M‘“"
of\@o\;-.\fv
B CERETTTTTT

vy 4

oS

= |

S o NS

Y
\

r

Summary of Horiz?{tal Stretches and Compressions

The graph of y = f(Bz) is transformation of the graph of y = f(z).
e If |B| > 1, then the graph of the original function QQME“%M horizontally by a

1
Tactor of E

e If 0 < |B| < 1, then the graph of the original function f)\m'\?/\f‘w horizontally by a

1
factor of T

Instructor: A.E.Cary Page 7 of 16



Math 111 Lecture Notes Section 1.5: Function Transformations

HORIZONTAL AND VERTICAL REFLECTIONS

Example 7. The graph of y = h(z) is shown below. Complete Table 6 and then graph y = —h(z)
in Figure 12 and graph y = h{(—=z) in Figure 13.

TABLE 6
T -8 -6 -4 -2 0 2 4 8
h(z) | und. 0 0 2 4 0 -4 6
Qm@\i‘iﬂ% —h(z) |wwe | © O | =& | =4 0 4 | -6
vt hzo) | b -Alol4d4]a]o W{l{wm
\ m&%ﬁgﬁw& e o J _ a:,;hg; hﬁgﬁw ,
R B LA AR e

-—0 N

v"“\(%\}i")\

/7

Summary of Horizontal and Vertical Reflections

e The graph of y = —f(z) is transformation of the graph of y = f(z). It reflects the
graph of the original function across the A - axis.

e The graph of y = f(—z) is transformation of the graph of y = f(z). It reflects the

graph of the original fupction across the 2 axis.

X LN
Instructor: A.E.Cary \ g‘)\l}‘y \-CUV\M Page 8 of 16
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Math 111 Lecture Notes Section 1.5: Function Transformations

Example 8. For each function below, the “original” or “basic” function is y = 4/z. Use the
properties of horizontal and vertical stretches and compressions to graph the stated transformations.

The full graph and 4 key points are given in each.

: ki g &
(a) Graph y = 4\/z. LI-F(;{) (d) Graphy = 3./z. 2= 'pu\ O&MQ"‘M
Pime V@b%t‘g\“ FIGURE 17 vert ('j 2 pS

Sl ot e ‘.,‘\ T e
: ; L | :
/ T e srbebrobd

[
| o
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e
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(b) Graphy = \/; hoY\“}:bﬁJTLfQ 5 (e) Graph y = +/2z. hovy wﬂ\n'Q"

FIGURE 15 FIGURE 18 U“W’?ﬁ\a j"

GO Eor il

(c) Graphy=—/z. yex k?‘“'& (f) Graphy=+—z. hon '.?'-’D“\"’Q
FIGURE 16 S\ Q FIGURE 19 Q\l@
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Section 1.5: Function Transformations

Example 9. The point (4, 12) is on the graph of y = f(z). Determine the point on the graph of...

(a) y=flz+2)-1 (4117—3
shebl kbt X (2,12)
shift doww \ (2,11)
(b) y=>5/() (4,12)
Varbied shretce

\g\a’ = (Y }UD
—u e ek hpid
9 - Q% <

() y=—flz—5)+4 C"l')u’3

verk cd £lip (4,—\’1-3
R\j\n"ﬁ: - (ﬂ)—l’LB
MP L‘\ ( C1) - %.3

(d) y=f(%3:) (4) [’L\
horzontat strekh 2 12
by 3

(©) y=f(-2)-5 1)
horzontd Blp  (-4,10)

() y=2/(4(+1)) -3
varbiad shedln by
Roovi Lowad eoMP\-UHiJ""- ‘03 '\q
Lett |
Do >

Instructor: A.E.Cary
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