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Math 111 Lecture Notes

SECTION 4.2: INVERSE FUNCTIONS

Example 1. Temperature in degrees Fahrenheit, F', can be written as a function of temperature in degrees

Celsius, C. This relationship is given by F = g(C) = QC' + 32.

(a) Find and interpret ¢(100).

"

(b) Solve and interpret the solution to g(C) = 32.
®
3 (=32 F

—}(_ $oL =Y L.
1c-o
C#ONE
(c) Solve the equation F' = 8C + 32 for C.
F=%ct32
( 33) = Ao £

g 7
52}

—ﬁ\m o\

L0 )
9 = (W) 32, (©0'C is equunlsd
180 432
== 2120 F.
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F= —;Lfg:\)r%L i

el o~ \V\Q"'k

in the domain of f.

A function f is said to be one-to-one if for every y-value in the range of f there is exactly one z-value

A function must be one-to-one in order to have an inverse.

process of the original function. In other words, the input and output switch roles. The original function

reciprocal. That is, f~1(z) # —

flz)

JYy). If we want to graph both of these

[l YR SRUNE 9 b

The inverse function of f is denoted by f~I. It is important to note that this notation is not denoting a

is given by y = f(x). The inverse function is given by = =
functions in the (i, y)-plane, then we use y = f~1(z).

The inverse function of f reverses the
—— o ——

'2_;'\ = ’é rzi,xngu%
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Math 111 Lecture Notes

Section 4.2: Inverse Functions

Example 2. Write the definition for g~ (F') for Example 1.

Fo  §(H=4F32)

Example 3. The function f defined by f(z) = 3z + 2 is one-to-one. Find its inverse. Then graph y = f(z)

and y = f’l(m) in Figure 1. Include the graph of y = = also.

L= 30+ 2
=524 sodeh kawh}_
X = 33*9\ Solve for

X-2 = %&gr o 3(X-2)= 39(4)

3
i:_?; :j ‘\3(;(‘—?,3:3
3 . . =
K2 3= 3% 3

(ON] [ g

Instructor: A.E.Cary
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Math 111 Lecture Notes Section 4.2: Inverse Functions

Example 4. To verify that two functions are inverses, we show that =) = &nd thatl il l
Do this for the previous example.

Pay=3x+L )= %2

——— e

%3

By = £ %2) £7(reD)= iaua)

= /%= = 3x42x-X
= z(?ﬁ_};—)_]_’l_ -><+,§
= XA B = Zx

A

X

\

=

Funchons thak arc mverses
5 = )(7’ 3 = R
§=¥ g
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Math 111 Lecture Notes Section 4.2: Inverse Functions

Example 5. The function f defined by f(z) = —

1 is one-to-one. Find the inverse function. Confirm that
the inverse function you found is correct by showing f (f~'(z)) =z and f~ (f(z)) = =.

4= "%
(- (Y% = - o al

X3 A= —13 3&-\- ’ntj\") OV\OMSUL(_/
Al Fxy =X

Y(Zrx)=x_ i
2 ¥% 24K e

0
= 2: ‘\’Dav\uj*/
y = 2 3 s

RS
. Il
b l(‘ﬂsz 2 4% L—

BRI = P( The ) e = ‘Cﬂ‘(_?—&%
2(____ (M) e G o N

((z»r»ﬁ )( wk) —/_Z::[—»( M)
A X

Swu%i\«. e *da“

= - :,_Z_ﬁ;% = -2«
e (7 -3
;.é"“ i “‘5 ’i;f;l A1) - 2.X

State the domain and range of each f and f~1 =

£ £ - T
%\ iiﬂﬁﬁb D- g #-2Y Wi 0 =

The domain of f is the range of f~!. Similarly, the range of f is the domain of f~.

Instructor: A.E.Cary Page 4 of 8



Math 111 Lecture Notes Section 4.2: Inverse Functions

The horizontal line test is a way of determining if a function is one-to-cne. It states that if every
horizontal line passes through a graph at most once, then the function is one-to-one.
In the same way that the vertical line test verifies if a graph represents a function, the horizontal line test

verifies if the graph of a function is one-to-one (and thus invertible).

Example 6. Graph y = f(z) for f(z) = z? in Figure 2. Then graph y = g(z) for g(z) = 22,2 > 0 in Figure 3.
Is either function invertible? Why or why not?
I (z)

Fig lge 2. Graph of y jf(a:)

Figure 3. Graph of y
= Y :

—4 42

MW deto ot Thiro do= Pass
Pass fle- et ém«D the honi—onh.Q
e J‘eg"c/ co 1k e desk so X
S ek nuewrbile VRPN S )
and werbible

N~ ——— e —
FOO==-X+3 4(€) ==X+ 3

FCjCzQ\?— Q(——xﬂ-%} o
= =(—x+3)+3 \
= X-347%3 ‘ \&
= X -
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Math 111 Lecture Notes Section 4.2; Inverse Functions

Example 7. The function ¢ defined by g(z) = /z + 8 is one-to-one. Find the inverse function and confirm

that it is the inverse by showing g (971 (?7)) =z and g’ (g(z)) = z. In Figure 4, use transformations to sketch
y=g(z), y=g (z) and y = .

900 = x+g
o F m Switehe XVLE)[__
2
(0 =HTFFRD T solie for
; '
X =3F LI -\ = y o
g 30478 = g (x >%)
,_ng = Joearer
Lij\ 3 - W
FO=x-% | - K
Sy = 5 ()
G
= X+8-¥
= K

N
Figure 5'4

| 8.? g .........
3(0:%5 I I O A

Instructor: A.E.Cary




Math 111 Lecture Notes Section 4.2: Inverse Functions

Example 8. Use the functions f and g given in Table 1 to determine the following. \)’U‘% (
Sa o'
Table 1

A5 4 =~ o

e =

X \7 Z.O-z.ci T 2 1 0 1 9
5’(?0\—1.'-\0_\ 2 il s | o] 2| al | F®Z2-Vo L L

@ ==\ ® /@ =0 @ 170 =kl @ f(e7()
=f£ (o)
=X

Example 9. Graph the inverse function of f in Figure 5. Then use your sketch to find the values of f~! below.

Figure 5

N : &
| € =>y=Ff@) | —— ] — e

22

(&) £7(4)

il
0

(a) f7H(-4)

i
{
= -
0
7
S
l
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Math 111 Lecture Notes

Section 4.2: Inverse Functions

Example 10. The diameter of a Window-Pane oyster, d (in mm), as a function of its weight, w (in grams)

can be modeled by

4z

d= f(w) = 25 + 200/3
Find the inverse function by solving d = 25 + 20w'/? for w. Write this inverse function as g(d).

425 +20%w
0’\—23 = ZDQ(’GC)

LSB (ﬁw)

&\l§'> L

solve. Lo w

250
— d = f(w)
250 — .
® : 7 2 200
£
-y = f(x) f Lot
o ey = gla) # T 150
Mp— TR i =
] & 50
200 o e =
; : 100 s oo i
H rl E
: T
i P #
i P 50
i ¢
i
150 - gt
o
L
¢
¢
250
100 Ao
200
. —~ 150
<
| e e e g
K E |
‘ § ; 50 /
50 150 200 250 v
50 100 150 200 250
w (grams)
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Math 111 Inverse Matching Activity
Section 4.2

1. Find the person that has the inverse to your function. Complete this sheet together.

2. Write down your functions.

Your Function The Inverse Function

() = (2 £’ £
L,\

I

G+

3 - 3
G (24D . - a+ ’}3\. A
1 (2(% D)

3. Verify that your functions are inverses of each other.

£(q0) = 9(@%‘1?%) s =

— W 4 C'—H-;Wf\)
= 4

R e )
+ 24~ i

- MF 3
2, = (s+ Yax A
% o
% — m{-

ph—tr

: I T
4. Use transformations to graph both functions and the line y=x on the same grid.

= s

|

)

Cara Lee




Key to all functions:

L =" . g(x) =4n+16
2 f(JC) _ 4+Z4x g(x) _ (2x;4)3
3. fe)=-2-1 g = —=

4 fl)= ¥x-3 9() = (x +3)°
5. f=2-2 900 = =

= 3
6. f(x)—Zx + 3 g(x)zsﬁ

2

7. f(x)= —4x+1

glx) = —ix +%

3 f(X) _ 7x;—18 g(x) — 2x;18

9. fx)=-—x+3 gx)= —x+3

10. flxd=2+3 glx)=x—3

11.  f(x) = 4x g(x) = %

12. f(x)=-zx—1 g(x) = —5x—5

13. fO) =35 g@) = +1

14. f(x)=-2x>+1 skt
g(x) = / ”

15. f(x) = "‘3‘5 g(x) =—-3x—5

16, flx)=3—2%

gx) = =5 (x—3)

17. f(x)=2x+6

g(x) :%x—B

Cara Lee




