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Section 4.4

Math 111

- Logarithms

Solve each equation. Look for similarities and differences in the processes.

1. 3x%* + 4 =52

=43 M(xu

____S“ *{(%- |>jé§
X~| =4
= 1+3%

Similartties:
Crponada & V52 <3 _
el tnverse funciisn

Differences:

even ok — &

Inverse Functions:

(x—1)3—0

Qf\zuyb
6@\;&5‘?51 ol

z_lf’r\f(%

% ‘%/x+—4~Ji 7‘"“
x+q:"ﬁ
X 14 = 240|

x =397

¥y=35220

y:

Vr,x =0

a number

Input: the square of

Input: a number
Output: the square of the number

Output: the number

y=x'

y=Vx

Input: the cube of a number

Input: a number

Output: the cube of the number

Output: the number

y = 10%

y:

logiox

Input: a power of the given base (ex: 100)

Input: an exponent

Output: the exponent that gives that power

Output: a power of the given base

Logarithms are Exponents! Logarithms are Fun!

Cara Lee
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Logarithmic Scales: The Richter Scale, pH Levels and Decibels
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Cara Lee

dB Power Ratlo

150 11.000,000,000,000,000

140 100,000,000,000,000

130 10,000,000,000,000

120 :1,000,000,000,000

110 1100,000,000,000

100 110,000,000,000

90 1,000,000,000

80 100,000,000

70 10,000,000

60 1,000,000

100,000
10,000
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‘Math 111 Lecture Notes

SECTION 4.4: LOGARITHMIC FUNCTIONS

We looked at equations such as 23*~! = 32 in the last section by rewriting 32 with a base of 2:
2%=1 = 25 But what if we have an equation such as 2% = 10? We know intuitively that 3 < z < 4,
but can we give an ezact answer? We will need functions that are inverse functions to exponential

functions in order to solve such equations.

The logarithmic function to the base a, where a > 0 and a # 1, is denoted by y = log, ()

and is defined by aade &ow <" e‘“)o\nﬂ\'\ T
e‘f"m‘“t‘“ﬁv y = log,(z) if and only if = =a¥
base =7 Rbase.

The common logarithmic function is the logarithmic function with base 10 given by

f(z) = log(x). We write

log(z) to represent log;y(z)

The natural logarithmic function is the logarithmic function with base e given by

(@) =n@). Wewre — AAX

In{z) to represent log,(z)

Example 1. Solve the equation 2* = 10 by converting from exponential form to logarithmic form.

ALE eﬂPOM‘JU

g =D

/'7 3\

)(\ g IOSQ\IO e;{ga,c;\r Sbk%bmv
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Math 111 Lecture Notes

Section 4.4: Logarithmic Functions

Example 2. Change the exponential statement to an equivalent statement using logarithms.

(c) 10m="7
le,07 =¥
loa 7 =

(d) e* =35
[ojag Ak~
or

Inb =2

Example 3. Change the logarithmic statement to an equivalent statement using exponents.

() logy(5) ==

ey

(b) logy(y+1)=-3

ey
2 :3+\

(c) log(z) =3

ta
IO =X

(d) I(z) =25

Instructor: A.E.Cary
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Math 111 Lecture Notes Section 4.4: Logarithmic Functions

Example 4. If f(z) = 2%, then the inverse function of f is given by f~(z) = log,(x).
(a) Complete Table 1 and then sketch the graph of y = f(z) in Figure 1.

(b) Use the properties of inverse functions to graph y = f'(z).
(c) Use the properties of inverse functions to complete Table 2.
(d) Identify the domain, range and any asymptotes for each function.
TABLE 1 TABLE 2
FIGuRrE 1
7 A 7 T o= 4 log, ()
e A
it -3 < % - 3
& 1
e 2|y i
e . Z 5 i}
L, | 6 | 4 -9
0 ededidnt g, 0 | 1 O
L P4
VI 1 2 2 \
7 | P 3 % 8 :5

v Vst D: R D: (e,0

R (o, R:1R#%

AsSym ‘-

>0 mpehe
igi‘#' B )< =5
s (-2
=0
|  Gdaps) g R

Example 5. State the domain of the following functions using interval notation. V\AU-“-“( \D" 30

(%48 =(%-8)
(a) f(z) = logg(w —3) (b) g(x)=log(8 —a) _ () h(z)=logs (v —4)

shbt nju 3 hbl&:‘litb% Ple S&VQ\“V\‘ M 0
0:(3,%) O (-o=F8) x' =470
£ TR 2 >
asymphle: A= X 72 or X4-2

A -37>0 B-% 70
Instructor: A.E.Cary M = 3 - K '7—-’3 Page 3 of 6



Math 111 Lecture Notes Section 4.4: Logarithmic Functions

Example 6. Find the exact value of each logarithmic expression without using a calculator.

(d) log,(32) = S (g) log(1000) = %

(a) logs(25) = X

§=as
X=a
l@ﬁg(lS’)"’-’Q\

Group Work 1. Find the exact value of each logarithmic expression.

(a) log,(64) = 3 (b) logs (&) = = (c) log(100)

=32
X=S

IO = [o0O
X=7%

(b) logy(1) = O

X=0

(i) logg (\/E) = ’\2-»
X I/
TR T (A

Q (d) In(e) = \

Instructor: A.E.Cary
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Example 7. Solve the following equations. Check all proposed solutions in your calculator and

Math 111 Lecture Notes Section 4.4: Logarithmic Functions

state the solution set.
(a] e =13 (¢) logg(bz—4)=2

[ojelg =‘2)<+\ <

3 = Sx-4
,in”"i\:"lxi\\ 9 =Sx-4

213 -1 = —2.x =X
=0 >
L&it X =k
3y~ =
-‘__{_Q_@;____\_\.’.\ _l.a i %N ';1'37*4 3 -
(~2n(12) - g "5:\5
[ =Rnld> _ %, (—~Ln)3
PN Z -
(b) 8-10%=3 (d) logy,(z®>+1)=3
8 5 3 5
P, = A
= A
log (/8) =S% " " |
< -3 ] =X

7 =X

Thoy(yg) = X
g %iﬁg

Z = 106(3/83\5

Instructor: A.E.Cary Page 5 of 6



Math 111 Lecture Notes Section 4.4: Logarithmic Functions

Example 8. Let p(h) be the atmospheric pressure on an object (measured in millimeters of mer-
cury) that is h kilometers above sea level. The function p can be modeled by

p(h),= T60e 14"
©
Find the height of a mountain where the atmospheric pressure is 620 millimeters of mercury.

%;L___D__ == _7&)0@:.[‘-{3"\/\_

~ o 4S\— akal
816783 = € e, P

,én,(gm §1) = TSk

]'L‘!tM%

Example 9. The pH of a chemical solution is given by the formula

pH = —logy, [H*]

where [H+] is the concentration of hydrogen ions in moles per liter. Values of pH range from 0
(acidic) to 14 (alkaline).

(a) What is the pH of a solution for which the concentration of hydrogen ions ([H']) is 0.01?
[ ot

Fn i -‘{O"\D\r"’ / Lloj‘o(ot)"‘)‘*}

i Sh 10 =0
Foi e
10 = [po
o
1O "{Léo

(b) What is the concentration of hydrogen ions ([H']) in a banana with a pH of 4.57

—]Oo\]o@ﬁb

2] -]

-4.,S = [OJ IO(CWQB

ol T—’[H ]
.00oo?>2_ = [A*]

Instructor: A.E.Cary Page 6 of 6




3. A population decreases at a rate of 13.2% per 5 years. Find the approximate value for the
following:

a. l-year factor of decay and 1-year rate of decay.

b. 5-year factor of decay and 5-year rate of decay.

¢. 10-year factor of decay and 10-year rate of decay.

SUPPLEMENTAL PROBLEMS FOR §4.4

EXAMPLE: The graph of f(x)=1log,(x) is given in Figure 17. Find a. (Note that the
points (1, 0) and (9, 2) are on the graph of f.)

] 1090k

q i
T T T

I
-

g 9 1o 11 12 13| |
-y ol |

Solution:

;Figl:Jre f‘I?’: | f(x) : I(;)ga:(x)f

(e

—

=

=4
2

—J

(1,0)

Since the function has form f(x) = log,(x) and since the point (9, 2) is on the graph,

we know that f(9) = 2. Thus,

fO)=2

= log,(9) =2 (since f(9) = log,(9))

(2,/2)

loy % =
loq, T =

)
2.

‘?B -
= a* =9 (translate the logarithmic statement into an exponential one) @ = ('(
= a =3 (take the positive square root of 9 because bases of logs are positive) %

]

Notice that we didn't attempt to use (1, 0), the other obvious point on the graph of =23
f(x) =log,(x), tofind a. Why not? (The point (1, 0) is on the graph of all functions of
the form f(x)=log, (x) so it doesn't provide information that will help us find the

particular function graphed here.)



